A simple model of chemical kinetics with two concentrations u and v can be formulated as a system of two parabolic variational inequalities with reaction rates up and ~4 for te diffusion processes of u and a, respectively. It is shown that if pq < 1 and the initial values of u and u are "comparable" then at least one of the concentrations becomes extinct in finite time. On the other hand, for any p = q > 0 there are initial values for which both concentrations do not become extinct in any finite time.
INTRODUCTION
It is well known that nonnegative solutions of various initial and boundary value problems associated to the semilinear heat equation u -24 I xx +up=o, with O<p< 1, (1.1) vanish identically in finite time; see [7, 2, 3, 11 . This phenomenon is termed extinction, and is clearly illustrated by the explicit solution u=((l-p)(T-t)+)'"P--l), T>O, (1.2) where s + = max(s, O}. This particular solution plays an important role in describing the asymptotic behavior of the extinction process; cf. [5] [6] .
In this paper we consider a semilinear parabolic system which may be thought of as a toy model in chemical kinetics. Let u(x, t) and a(.~, t) denote the concentrations of two species which diffuse and react in a one-dimensional domain L = { -I <x < 1 } according to u -u f .xX +vp=o, v,-v~,+u~=o (p>O,q>O).
Since the concentrations must be nonnegative, we are led to the following variational inequality formulation: We also impose initial conditions
where u,, B 0, v0 3 0, and boundary conditions which are either Dirichlet u( + 1, t) = v( + 1, t) = 0 for t>O, ( These examples show that in order to capture the phenomenon of extinction one should define:
A solution (u, u) has finite extinction time T if T is the smallest positive number such that either u(x, t) E 0 for all t > T, or u(x, t) 2 0 for all t > T.
In Section 3 we give a sufficient condition on the data uO, u0 which ensures extinction, and in Section 4 we give an example (with p = q) where there is no extinction. If uO, u0 are small enough then the same initial data as in that example also leads to a positivity result of one component in case p > q. In Section 2 we briefly establish existence of solutions to (DP) and VP). with the same data as for (DP). One can easily prove (as in [4, Chap. 11 ) that this problem has a solution (u,, 0,) and a standard energy inequality can be used to establish uniqueness. It follows that f8E,P(uE) and fEJue) are bounded uniformly in E and then (as in c4, P. 251) are bounded uniformly in E. We can then deduce that for any sequence E + 0 there is a subsequence which converges to a solution of (DP).
We note that the question of uniqueness of the solutions is open. Dropping the last term and letting A -+ 0 we get, provided p > 1, (3.2) in some weak sense. Recalling (1.4) we deduce that (U-e),-(U-e),,3cgo~-~U~-v~ in Q. We now replace uO(x) by uO(x) + r (t > 0), and in the case of (DP) replace the conditions u( + 1, t) =0 by u( + 1, t) = T. We continue to denote by (u, v) the corresponding solution of (1.3)( 1.5). Observe that so that the right-hand side of (3.3) is 20. Using this fact, and the strong maximum principle (which holds for our solution u, in view of the regularity (1.10)) we can deduce that if u(x, t) 2 cv(x, t)" for -1 < x < 1, 0 < t < s then also u(x, s) > cv(x, s)~ for -1 <x < 1; here we needed the modification of the Dirichlet conditions at x = + 1. Since u(x, 0) = uO(x) + r > CQ(X)~ for -1 dx < 1 (by (3.1)), it follows that u(x, t) > cv(x, t)P, -1Gx61
for small t and then, by the previous argument and by continuation, also for all t > 0. Letting r + 0 we obtain u 2 cvB for a solution (u, v) of (DP) or (NP). Substituting this into the differential equation for v (on the set (u =O}, z)[=O, and v,,=O a.e.), we get v, -v,, + kv" Q 0 with a=-+ kzC4. q+l The assumption pq < 1 implies that c1< 1, and therefore there exists a T > 0 such that v(x, t) = 0 for t > T.
In the above proof we assumed that /I> 1 (in order to establish (3.2)). The case /I = 1, or p = q, follows by application of the maximum principle to z = U, -v, where (u,, uE) is the solution of (2.1) with p = q; this allows us to deduce that u>cv.
NON-EXTINCTION AND POSITIVITY
We begin with a result on non-extinction. Then there exists a solution of (DP) (respectively (NP)) such that
Thus the solution does not have finite extinction time.
Proof: We consider the system a, I)-%,(X, t)+B,(u(x, t))+f&,p(d-4 t))=O, VAX, t) -VAX, t) + B,(v(x, t)) +f,,,w? t)) = 0, with the same initial and boundary data as before. It is easy to show that (4.5) has a solution with the required data. If we set u(x, t) = u( -x, t) then v satisfies (4.6) and the data under consideration (here we used (4.1)). Finally, since fE,/A4-x? t)) =fE.p(4x, t)), In the subset where u(x, t) 2 u( -x, t) > 0, we have z, -z.xx =u(x, ty--(-xX, ty>o by (4.9).
In the subset where U(X, t) > u( -x, t) = 0, u,( -x, t) = 0, a,,( -x, t) = 0 a.e. so that zt -zxx = 24, -u,, = -u(-xx, t)P=O a.e.
Finally, in the subset where u(x, t) = u( -x, t) = 0 we have a.e. zt = zxx = 24, -u,, = 0, since ut=O, u,, =0 a.e.
We conclude that z, -z,, 2 0 inQ;.
Since also z(x,O)>O, f0 in (-LO) and z satisfies homogeneous boundary conditions, Since, by (4.13), the limit u = lim U, satisfies u B U, the assertion of the theorem follows.
